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A Question

Let G be a group and H < G a proper subgroup. Can we have

G =
⋃
g∈G

gHg−1?

Example

GLn(C) =
⋃

g∈G gUg−1 where U is the subgroup of upper
triangular matrices.
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Proof

Theorem
No finite group can be covered by conjugates of a proper
subgroup, i.e.

G ̸=
⋃
g∈G

gHg−1 for H < G.

Proof.
▶ There are [G : NG (H)] ≤ [G : H] conjugates of H in G .

▶ So
∣∣∣⋃g∈G gHg−1

∣∣∣ ≤ |G |.
▶ But each conjugate contains the identity, so the size of this

union is strictly less than the order of G .

This result is a consequence of Jordan’s Theorem on derangements.
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Normal Coverings

Definition
A set of proper subgroups {H1, . . . ,Hk} of G is a normal
covering for G if

G =
k⋃

i=1

⋃
g∈G

gHig
−1

The normal covering number of G is the smallest number of
subgroups that form a normal covering for G , denoted γ(G).



Symmetric Group

Example

γ(S4) = 2.

How does γ(Sn) vary with n?

Theorem (Bubboloni-Praeger-Spiga, 2013)

There is c > 0 s.t. cn ≤ γ(Sn), γ(An) ≤ 2n/3.

Theorem (Eberhard-Mellon, 2025)

▶ lim supn even γ(Sn)/n = 1/4,

▶ lim infn even γ(Sn)/n = 1/6.

▶ Similar results for n odd and alternating group.
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Finite Simple Groups

Conjecture (Bubboloni-Spiga-Weigel)

The normal covering number of a finite simple group increases
with its ‘rank’, with two known families of exceptions.

Theorem (Britnell-Maroti, 2014)

If n > 2 and SLn(q) ≤ G ≤ GLn(q) then

n

π2
≤ γ(G ) ≤ n + 1

2
.

Example

N = {GL1(q5),P1,P2} is a normal covering for GL5(q).
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My Work

Aim: prove this conjecture!

▶ Generalize to symplectic, orthogonal and unitary groups.

▶ I have similar upper bounds for the symplectic and orthogonal
groups.

▶ Now working towards lower bounds.


